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Abstract: In this work, a system of differential equation on Minkowski space-time E}, 
a special case of Smarandache geometries ([4]), whose solution gives the components of a 
space-like curve on Frenet axis is constructed by means of Frenet equations. In view of 
some special solutions of this system, characterizations of some special space-like curves are 


presented. 
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§1. Introduction 


It is safe to report that the many important results in the theory of the curves in E? were 
initiated by G. Monge; and G. Darboux pionnered the moving frame idea. Thereafter, F. Frenet 
defined his moving frame and his special equations which play important role in mechanics and 
kinematics as well as in differential geometry (for more details see [2]). At the beginning of 
the twentieth century, A.Einstein’s theory opened a door of use of new geometries. One of 
them, Minkowski space-time, which is simultaneously the geometry of special relativity and the 
geometry induced on each fixed tangent space of an arbitrary Lorentzian manifold - a special 
case of Smarandache geometries ({4]), was introduced and some of classical differential geometry 
topics have been treated by the researchers. 

In the case of a differentiable curve, at each point a tetrad of mutually orthogonal unit vec- 
tors (called tangent, normal, first binormal and second binormal) was defined and constructed, 
and the rates of change of these vectors along the curve define the curvatures of the curve in 
four dimensional space [1]. 

In the present paper, we write some characterizations of space-like curves by the compo- 
nents of the position vector according to Frenet frame. Moreover, we obtain important relations 


among curvatures of space-like curves. 


§2. Preliminaries 
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To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space E} are briefly presented (a more complete elementary treatment can be found in 
1). 

Minkowski space-time Ej is an Euclidean space E* provided with the standard flat metric 
given by 


g = —dx} + dx3 + dx? + dri, 


where (x1, 22,23, 24) is a rectangular coordinate system in E}. 

Since g is an indefinite metric, recall that a vector v € E} can have one of the three 
causal characters; it can be space-like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 and null 
(light-like) if g(v,v)=0 and v 4 0. Similarly, an arbitrary curve a = a(s) in Ef can be locally 
be space-like, time-like or null (light-like), if all of its velocity vectors a’/(s) are respectively 
space-like, time-like or null. Also, recall the norm of a vector v is given by |lv|| = \/|g(v, v)]. 
Therefore, v is a unit vector if g(v,v) = +1. Next, vectors v,w in E} are said to be orthogonal 


if g(v,w) = 0. The velocity of the curve a(s) is given by |la’(s)||. The hypersphere of center 
m = (m1,mz2,m3,m4) and radius r € R* in the space Ej defined by 


H3(m,r) = {a = (a1, Q2,03, 04) € ES :g(a—m,a—m) = et : (1) 


Denote by {T(s), N(s), Bi(s), Bo(s)} the moving Frenet frame along the curve a(s) in the 
space E}. Then T, N, Bi, Bo are, respectively, the tangent, the principal normal, the first bi- 
normal and the second binormal vector fields. Space-like or time-like curve a(s) is said to be 


parameterized by arclength function s, if g(a’(s),a/(s)) = +1. Let J = Ws) be a curve in E}. 
If tangent vector field of this curve is forming a constant angle with a constant vector field U, 


then this curve is called an inclined curve. 


Let a(s) be a curve in the space-time E}, parameterized by arclength function s. Then for 


the unit speed curve a with non-null frame vectors the following Frenet equations are given in 


[5] : 


T 0 K 0 0 T 
N' bik (0 fot =O N 
(|= (2) 
By 0 3T 0 [bao By 
Bs 0 0 [5o 0 By 


Due to character of a, we write following subcases. 


Case 1 a is a space-like vector. Thus T is a space-like vector. Now, we distinguish according 
to N. 


Case 1.1 If N is space-like vector, then B, can have two causal characters. 


Case 1.1.1 By is space-like vector, then pu; (1 <i <5) read 


M1 =b3=—1, po = pa = ps = 1, 
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and T, N, B; and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = 9(N, N) = 9(B1, Bi) = 1, 9( Be, Bo) = -1. 


Case 1.1.2 B, is time-like vector, then p; (1 <i <5) read 


fy = —1, fe = ps = ba = bs = 1, 
and T, N, By and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = 9(N, N) = g(Bo, Bo) = 1, 9(B1, Bi) = -1. 


Case 1.2 N is time-like vector. Then pu; (1 <7 <5) read 


fa = M2 = 3 = Ha = 1, bs = —1, 
and T, N, B, and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = (Bi, Bi) = g(Ba, Bz) = 1, 9(N,N) = -1. 


Case 2 a is a time-like vector. Thus T is a time-like vector. Then pi; (1 <i <5) read 


fy = H2 = 4 = 1, 3 = Ws = —1, 
and T, N, B, and Bz are mutually orthogonal vectors satisfying equations 
g(T,T) = 1, g(N,N) = 9( Bi, Bi) = g( Ba, Bo) = 1. 
Here &,7 and o are, respectively, first, second and third curvature of the curve a. 
In another work [3], authors wrote a characterization of space-like curves whose image lies 


on H? with following statement. 


Theorem 2.1 Let a= a(s) be an unit speed space-like curve with curvatures x 40,7 #0 and 
a #0 in Et. Then a lies on He if and only if 


Sada (sled ae))}-» ° 


In the same space, Yilmaz (see [6]) gave a formulation about inclined curves with the 


following theorem. 


Theorem 2.2 Let a = a(s) be a space-like curve in E} parameterized by arclength. The curve 
a is an inclined curve if and only if 


Ss 8 


- = Acosh( [ ods) + Bsinh( [ ods), (4) 


0 0 


where7 40 ando 40, 4A,BER. 


In this paper, we shall study these equations in Case 1.1.1. 
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§3. Characterizations of Some Special Space-Like Curves in E} 


Let us consider an unit speed space-like curve € = €(s) with Frenet equations in case 1.1.1 in 


Minkowski space-time. We can write this curve respect to Frenet frame {T, N, Bi, Bg} as 


€ = €(s) =miT +m2N + m3B, + m4Bo, (5) 


where m,; are arbitrary functions of s. Differentiating both sides of (5), and considering Frenet 
equations, we easily have a system of differential equation as follow: 


d 
—— —mok—-1=0 
ane 
— + mk — m3T = 0 
i ; (6) 
m3 
aa. + mT + msc = 0 
dma 
— +ms30 = 0 
ds 


This system’s general solution have not been found. Owing to this, we give some special 


values to the components and curvatures. By this way, we write some characterizations. 


Case 1 Let us suppose the curve € = €(s) lies fully NB, By subspace. Thus, m; = 0. Using 
(6)1,(6)2 and (6)3 we have other components, respectively, 


) (7) 


These obtained components shall satisfy (6)4. And therefore, we get following differential 


Raa a ® 


By the theorem (2.1), (8) follows that € = €(s) lies on H@(r). Via this case, we write 
following results. 


equation: 


Corollary 3.1 Let € = &(s) be an unit speed space-like curve with curvatures « #0,7T #0 and 
o £0 in Et. 
(i) If the first component of position vector of € on Frenet axis is zero, then € lies on H@. 
(ii) All space-like curves which lies fully NB, By subspace are spherical curves. And position 
vector of such curves can be written as 


g=-in- 22a + 2/2 +2 (2 =) Bs: (9) 


K Tds °K ol|Kk ds \trds‘k« 


Case 2 Let us suppose the curve € = €(s) lies fully TB, By subspace. In this case m2 = 0. 
Solution of (6) yields that 
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mg = ——(s +e) ; (10) 
ma === (S(s+0)) 


o ds 


kK 
where c is areal number. Using (6)4, we form a differential equation respect to —(s+c) as 
i 


K OK 
alex Fe aes ay 
Using an exchange variable t = { ods in (11), we easily have 
0 
ad? 7k kK 
a (=u) +4) - ul) +6) =0, (12) 


where u(t) is a real valued function. (12) has an elementary solution. It follows that 


* (u(t) +c) = ke’ + kee“, (13) 
where k,, kg are real numbers. Using hyperbolic functions cosh and sinh, finally we write that 


s s 


“(s +c)=Ay cosh | ods + Ag sinh [ ods, (14) 
= 


where A; and Ag real numbers. Moreover, integrating both sides of (11), we have 


[=(s a 9) -- ae : |= (<(s + 9)) = constant. (15) 


Now, we write following results by means of theorem (2.2) and above equations. 


Corollary 3.2 Let € = &(s) be an unit speed space-like curve with curvatures « 40,7 #0 and 
ao £0 in Et and second component of position vector of € on Frenet axis be zero. Then 


(i) there are relations among curvatures of € as (11), (14) and (15); 
(ii) there are no inclined curves in E} whose position vector lies fully in TB, Bz subspace; 


(iti) position vector of € can be written as 


é(s) =(s+ 9 "(e+ )B +5 (F(s+9) Bo. (16) 


Case 3 Let us suppose m3 = 0 and « =constant. Then, we arrive 


m= 242 


eee ee (17) 


Substituting (17); and (17)2 to (6)1, we obtain following differential equation respect to 2 
= 
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d 0 97 KK 
if -=—, 18 
ds? (2) uaa T 4 =) 
(18) yields that 
(ol . 1 
— =I, cosks + lg sinks + —. (19) 
T KC 


And therefore, we write following results. 


Corollary 3.3 Let € = €(s) be an unit speed space-like curve with constant first curvature and 


tT 40,0 40 in E} and third component of position vector of € on Frenet axis be zero. Then 


(i) there is a relation among curvatures of € as (19); 


(it) position vector of € can be written as 


C4 d 
k ds 


esj= (=) Pin NN eB, (20) 


T 


Remark 3.4 Due to a, m4 can not be zero. Thus, the case m4 =constant is similar to case 3. 


And finally, considering system of equation (6), we write following characterizations. 


Corollary 3.5 Let € = €(s) be an unit speed space-like curve with curvatures « #0,7T #0 and 
o £0 in Et. 


(i) The components m, and mz can not be zero, together. This result implies that € = €(s) 
never lies fully B,Bz hyperplane. Similarly, the components mg and m3 can not be zero, 
together. This result follows that € = €(s) never lies fully in T Bg hyperplane. 

(ii) If the components m, = m2 = 0, then, for the space-like curve € = €(s), there holds 
& =constant and — =constant. 


- 
iit) The components m;, for 1 <i< 4, can not be nonzero constants, together. 
g 


Remark 3.6 In the case when € = €(s) is a space-like curve within other cases or when is a 
time-like curve, there holds corollaries which are analogous with corollary 3.1, 3.2, 3.3 and 3.5. 
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